ABSTRACT: Conformal mapping solutions for two-dimensional steadystate seepage towards vertical excavated faces are presented. Solutions in parametric form are developed for the shape of the free surface and the height of intersection of the free surface and the seepage face. Although the current solution applies strictly to infinite flow domains, an approach to obtain nonparametric solutions for long finite flow domains without much loss of accuracy is also outlined.
INTRODUCTION
A variety of alternative methods have been used for solution of two-dimensional problems involving steady-state seepage within a soil mass. These methods include analytical solution techniques using conformal mapping (Harr 1962; Polubarinova-Kochina 1962) , and a number of approximate methods, e.g., flow net technique (Cedergreen 1977) ; analog methods (Harr 1962; Polubarinova-Kochina 1962) ; and a few numerical solution techniques-finite difference (Jeppson 1969; Remson et al. 1965) , finite element (Desai 1975; Finn 1967) , and boundary element (Cruse and Rizzo 1975) methods. In view of the difficulties in developing exact analytical solutions to most seepage problems, it is not surprising that the flow nets and the numerical solution techniques are more popular. However, analytical or closed-form solutions are particularly attractive because of the general nature of these solutions. Furthermore, exact solutions are useful for checking the accuracy of the comprehensive numerical treatments.
In this paper, conformal mapping techniques are used to obtain the solution of a two-dimensional seepage problem. The field problem of interest is steady-state unconfined flow through a homogeneous slopeforming soil mass with a vertical side cut. Although such vertical cuts are commonly encountered along highways and roadways, only approximate solutions are available for this flow problem. The solutions presented in this paper may also be approximately applicable for flow towards retaining walls and long braced excavations if the backfill behind the wall or the bracing system is sufficiently permeable. Furthermore, the solution of the steady seepage problem considered here is also relevant to the long-term stability of these hillside cuts since the available soil strength used to compute safety factors is dependent on the pore pressures (Hodge and Freeze 1977) .
GOVERNING EQUATION AND BOUNDARY CONDITIONS
Steady flow of groundwater with or without a free surface is described by a velocity potential <f> s , which must, at every point in the field of motion, satisfy Laplace's equation: ,
in which x and y are the horizontal and vertical coordinates respectively, and the velocity potential, <$> s is given by
where k = coefficient of permeability; p = pressure at any point; 7 = specific weight of the fluid; and C = an arbitrary constant depending on the datum. In the following developments, however, the quantity 4>, which is related to $ s by the relationship
will be used. The physical layout of the problem is shown in Fig. 1 . Also shown on the same figure are boundaries of the flow domain and the conditions on the boundaries which are discussed later. In order to make the problem amenable to analysis, a few assumptions are made:
1. The soil is homogeneous, isotropic, and extends to infinite distance to the sides and in depth.
2. The flow is laminar and obeys Darcy's law.
FIG. 1. Physical Layout of Problem
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3. Capillary and surface tension effects can be neglected.
The boundary conditions in the physical plane as shown on Fig. 1 are:
1. Along the phreatic surface section of the boundary, 12, the potential and the stream functions can be assumed as 8i> § = y and ^-= 0 (i.e., y = 0) (4) on 2. Along the vertical cut 01, 6 (0, y) = y. 3. Along the horizontal boundary 02, 6 (x,0) = 0.
FORMULATION OF PROBLEM
The problem at hand is to find the shape of the phreatic surface line 12, the height, y 0 , of the intersection of the phreatic surface and the vertical plane 01 (Fig. 1) . Furthermore, the potential function A (x,y) and the stream function >| / (x,y) at any arbitrary point z (= x + iy) must be found. In order to facilitate the solution of this problem the method of conformal mapping will be used.
It is not easy to find directly a conformal transformation between the image of the domain in the z-plane or the physical plane and that in the to-plane or the complex potential (w = 4> + ty) plane since the flow region is not completely defined on either of these planes. However, for free surface flow problems, it is customary to use two auxiliary functions: (1) Kirchoff's function, W = dz/dio; and (2) Zhukovsky's function W = z -/to; as well as the images of the flow domain in the W and W planes. The Kirchoff's function is the inverse of what is commonly known as the complex velocity function. Either of these functions has been used in the literature (Harr 1962; Polubarinova-Kochina 1962) on this class of problems.
Considering the image of the flow domain in the W-plane
On line 02:
Online 12: 
Also,_the corresponding points in the W-plane are given by: W 0 = \\> 0 ; W 1 = 0; W 2 = °°; so that the flow domain in the W-plane can be represented by the half plane shown in Fig. 3 . Considering another analytic function W given by:
dm the flow domain can be mapped in the W-plane as shown in Fig. 4 . This domain (Fig. 4) can again be represented as a half-plane by the following transformation function, W: and recognizing that
Eq. 17 yields where x = x/y 0 ; and y = y/y 0 . Fig. 6 shows a plot of the free surface in the x-y plane. It is possible to approximately check the accuracy of the present solution by comparing the predicted shape of the free surface with that for a similar problem. Polubarinova-Kochina (1962) presents the solution for steady unconfined seepage from infinity towards the vertical seepage face of a dam on impervious base with no tailwater. The dotted line on Fig. 6 shows the free surface of the dam. The excellent agreement between the two free surfaces near the seepage face was obviously expected.
Estimation of y 0
The equation of the free surface as expressed by Eq. 29 applies, strictly speaking, to the infinite problem in which seepage occurs from infinity towards a vertical cut. Apparently, this solution has no value unless it can be shown that it is applicable to the finite problem for which it. is generally very difficult, if not impossible, to obtain closed-form solutions. However, this kind of a situation often arises in mathematical models of physical phenomena and, for practical purposes, any large distance can be treated as infinitely long, incurring some minor error. For reasons cited earlier, it is extremely difficult to compute this error. An attempt to estimate the Eq. 29 can be written in the following alternative form In order to estimate the error involved in such an approximation, values of the ratio -y decreases very rapidly as -x increases and for relatively large values of -x, this error attains an acceptably low value. Now, if it is assumed that, at a distance L from the cut, hydrostatic conditions prevail and the height of the free surface to the left of this point is given by H, then the value of y 0 can be approximated on the basis of Eq. in terms of the actual coordinates of the points on the free surface profile.
Additional Observations
It is evident that the unknowns along the other boundaries of the flow domain can also be evaluated in parametric forms from Eqs. 
in which jx = -w (|i varying from TT/2 to 0). Finally, for the internal points in the domain, defining u = s + it, the unknowns x, y, (j>, and i | > can be expressed in the parametric form as: -2s sin 2s sinh It + 2t(l -cos 2s cosh 2t) *=* = y 0 (cosh 2t -cos 2s) 
CONCLUSIONS
Analytical solutions to an important seepage problem have been presented in this paper. The basic approach for the development of the solutions is successive mapping on auxiliary planes. This is a simple but powerful technique compared to the approaches adopted by previous workers to solve similar problems, for instance, the problem of groundwater inflow into a symmetric drainage ditch (Vedernikov 1939) or the problem cited earlier (Polubarinova-Kochina 1962) .
Clearly, several restrictive assumptions had to be made in order to avoid complications. The results, nevertheless, should be useful provided the limitations are approximately satisfied.
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